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Abstract
To estimate Kaluza-Klein (KK) corrections on gravitational waves emitted
by perturbed rotating black strings, we give the effective Teukolsky equation on
the brane which is separable equation and hence numerically manageable.
1. Introduction
We concentrate on a Randall and Sundrum two-brane model [1]. It would
be important to clarify how gravitational waves are generated in the perturbed
black string system and how effects of the extra dimensions come into the observed
signal of gravitational waves. For this purpose, we derive the effective Teukolsky
equation on the brane.
2. Effective Teukolsky Equation
The essential point in deriving the effective Teukolsky equation is to in-
vestigate the effects of bulk which is encoded in the Weyl tensor δEµν which
satisfies (
∂2y −
4
ℓ
∂y +
4
ℓ2
)
δEµν = −e
2
y
ℓ Lˆµν
αβδEαβ ≡ −e
2
y
ℓ LˆδEµν , (1)
where Lˆµν
αβ stands for the Lichnerowicz operator, Lˆµν
αβ = ✷δαµδ
β
ν + 2Rµ
α
ν
β .
Here, the covariant derivative and the Riemann tensor are constructed from the
induced metric gµν(x). Let
⊕
φ(x) and
⊖
φ(x) be the scalar fields on each brane which
satisfy ✷
⊕
φ = κ2/6
⊕
T ,✷
⊖
φ = κ2/6
⊖
T , respectively. In the Ricci flat space-time,
the identity (✷φ)|µν = Lˆµν
αβ
(
φ|αβ
)
holds. Thus, the junction conditions on each
brane can be rewritten as
e2
y
ℓ
[
e−2
y
ℓ δEµν
]
,y
∣∣∣∣
y=0
= −Lˆ
(
⊕
φ|µν − gµν✷
⊕
φ
)
−
κ2
2
Lˆ
⊕
T µν ≡ Lˆ
⊕
Sµν , (2)
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y
ℓ
[
e−2
y
ℓ δEµν
]
,y
∣∣∣∣
y=d
= Lˆ
(
⊖
φ|αβ − gµν✷
⊖
φ
)
+
κ2
2
Lˆ
⊖
T µν ≡ −Lˆ
⊖
Sµν . (3)
The scalar fields
⊕
φ and
⊖
φ can be interpreted as the brane fluctuation modes.
The Gregory-Laflamme instability occurs if the curvature length scale of
the black hole L is less than the Compton wavelength of KK modes ∼ ℓ exp(d/ℓ).
As we are interested in the stable rotating black string, we assume ǫ = (ℓ/L)2 ≪
1 . Under this circumstance, we can use the gradient expansion method where the
Weyl tensor Eµν is expanded in the order of ǫ [2]. As a consequence of analysis,
we obtain the effective Teukolsky equation in the following form [3]
Pˆ δΨ4 = Qˆ
(
8πGTnm∗ − δEnm∗
∣∣∣
y=0
)
+ · · · , (4)
where Pˆ and Qˆ are the operators and
δEµν
∣∣∣
y=0
=
2
ℓ
Ω2
1− Ω2
[
⊕
Sµν + Ω
2
⊖
Sµν
]
+
[
1
2
+
d
ℓ
1
Ω2 − 1
]
ℓ
1− Ω2
[
Lˆ
⊕
Sµν + Ω
4Lˆ
⊖
Sµν
]
+
ℓ
4
[
Lˆ
⊕
Sµν + Ω
2Lˆ
⊖
Sµν
]
.(5)
3. Conclusion
We formulated the perturbative formalism around the Ricci flat two-brane
system. In particular, using the gradient expansion method, the effective Teukol-
sky equation is obtained. This can be used for estimating the Kaluza-Klein cor-
rections on the gravitational waves emitted from the perturbed rotating black
string. Our effective Teukolsky equation is completely separable, hence the nu-
merical scheme can be developed in a similar manner as was done in the case of
4-dimensional Teukolsky equation.
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